
Solutions to Sheet 7
1. PVT surface

(i)

Plot3DB
1

x2 + y2
, 8x, -1, 1<, 8y, -1, 1<,

PlotPoints ® 41, ClippingStyle ® None, AxesLabel ® 8x, y, F<F
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(ii) d F =
¶

¶x
F d x +

¶

¶y
Fd y =

-1

Ix2+y2M3�2 Hx d x + y d yL.

 -e
d F

d t
=

e

Ix2+y2M3�2 Jx
d x

d t
+ y

d y

d t
N

(iii) e

r3
Hr cosHΩ tL H-ΩL r sinHΩ tL + r sinHΩ tL Ω r cosHΩ tLL = 0.

(iv) e

Ha+v tL3
HHa + v t L v + Ha + v tL vL =

e v

Ha+v tL2
. 

2. 

(i) z = x2 + y2, ¶x coshHzL = sinhHzL ¶x z = 2 x sinhIx2 + y2M

(ii) a = sinHx yL, b = x y, ¶y sinhHaL =
d

d a
sinhHaL d

d b
sinHbL ¶y b = coshHsinHx yLL cosHx yL x.

3. 

(i) Ñ f Hx, yL =(- 2x,- 2y)

(ii)

<< "VectorFieldPlots`"
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p1 = HNeeds@"VectorFieldPlots`"D;
VectorFieldPlots`VectorFieldPlot@8-2 x, -2 y<,

8x, -1, 1<, 8y, -1, 1<, Frame ® True, FrameLabel ® 8x, y<DL;
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ShowAp1, ContourPlotA-Ix2 + y2M, 8x, -1, 1<, 8y, -1, 1<, Axes ® True,

AxesLabel ® 8x, y<, ContourShading ® False, DisplayFunction ® IdentityEE
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4. 

(i) Ñ f Hx, yL =(- 2x,2y)

(ii)
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p1 = HNeeds@"VectorFieldPlots`"D;
VectorFieldPlots`VectorFieldPlot@8-2 x, 2 y<, 8x, -1, 1<,

8y, -1, 1<, Frame ® True, FrameLabel ® 8x, y<DL;
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ShowAp1, ContourPlotA-x2 + y2, 8x, -1, 1<, 8y, -1, 1<, Axes ® True,

AxesLabel ® 8x, y<, ContourShading ® False, DisplayFunction ® IdentityEE
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5.

(i) a) Ñ f = H0, 1L: no stationary points

b) Ñ f = H1, 0L: no stationary points

c) Ñ f = -4 Ix3, y3M: stationary points Hx, yL = 0

d) Ñ f = Hy, xL: stationary points (x,y)=0

e) Ñ f = 4 Ix3, -y3M:stationary points Hx, yL = 0

(ii)

p1 = HNeeds@"VectorFieldPlots`"D; VectorFieldPlots`VectorFieldPlot@
8y, x<, 8x, -1, 1<, 8y, -1, 1<, Frame ® True, FrameLabel ® 8x, y<DL;
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Plot3D@x y, 8x, -2, 2<, 8y, -2, 2<D
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Everything suggests that this is a saddle, with axis rotated by 45o.
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6.

A plane is defined by an equation z = z0 + a x + b y. The fiven equation is of that form.

Ñf=(0,2), so f1Hx, yL = 4 + 2 y. This is the collection of all lines z = 4 + 2 y for all x, and makes a plane

7.

(i)

HNeeds@"VectorFieldPlots`"D; VectorFieldPlots`VectorFieldPlot@
8-y, x<, 8x, -1, 1<, 8y, -1, 1<, Frame ® True, FrameLabel ® 8x, y<DL;
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(ii) Solutions should follow the arrows ® circles!

(iii) 

DSolve@y '@xD � -x� y@xD, y@xD, xD

::yHxL ® - 2 c1 -
x2

2
>, :yHxL ® 2 c1 -

x2

2
>>

ExpandB 2 c1 -
x2

2

2

+ x2F

2 c1

So these are circles.

8.

(i) yHxL = C1 e2 i x + C2 e-2 i x

(ii) -9 C + 4 C = 2Þ C =
-2

5
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(ii) -9 C + 4 C = 2Þ C =
-2

5

(iii) General solution yHxL = C1 e2 i x + C2 e-2 i x -
2

5
e3 i x.

yH0L = 1 Þ C1 + C2 -
2

5
= 1

y ' H0L = 0 Þ 2 i C1 + 2 i C2 -
6

5
i = 0

Solution: C1 ® 1, C2 ®
2

5
. Thus yHxL = e2 i x +

2

5
e-2 i x -

2

5
e3 i x
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