
Solutions to Sheet 12
Notations: Det for det, . for matrix/matrix product, Inverse[] for power -1.

1. 

z =
10± 102-4×40

2
= 5 ± -15 = 5 ± i 15 .

2. 

1

x+i
=

1

x+i

x-i

x-i
=

x-i

x2+1
=

x

x2+1
+ i

-1

x2+1

Needs@"PlotLegends`"D

PlotB:
x

x2 + 1
, -

1

x2 + 1
>, 8x, -3, 3<, PlotStyle ® 8Dashing@80.<D, Dashing@80.05<D<,

PlotLegend ® 8"Re", "Im"<, AxesLabel ® 8x, y<F
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3. 

Show@Graphics@8GrayLevel@0.6`D, Disk@80, 0<, 2D<,
Method ® 8"AxesInFront" ® True<, Axes ® TrueD,

Graphics@8GrayLevel@1.`D, Disk@80, 0<, 1D<,
Method ® 8"AxesInFront" ® True<, Axes ® TrueD,

AspectRatio ® 1, AxesLabel ® 8Re@zD, Im@zD<D
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4. 

eiHΩ+i ΓL t = e-Γ tHcosHΩ tL + i sinHΩ tLL, ReIei W tM = e-Γ t cosHΩ tL

5. 

expHxL = Ún=0
¥ xn

n!
, cosHxL = Úm=0

¥ H-1Lm x2 m

2 m!
, sinHxL = Úm=0

¥ H-1Lm x2 m+1

2 m+1!
.

6. 

tanhHxL =
sinhHxL
coshHxL Þ tanh ' HxL =

cosh2 x-sinh2 x

cosh2 x
=

1

cosh2 x
.

7. 

y ' HxL = ep x: By direct integration yHxL =
1

p
ep x + c. y(0)=1 Þ 1

p
+ c = 0 Þ c =

-1

p
: yHxL =

1

p
Hep x - 1L
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8. 

Substitute  yHxL = ez x.  Find  Iz2 - z - 2M ez x = 0.  Conclude  z =
1± 1+8

2
= -1, 2.  Thus

yHxL = A e-x + B e2 x.  yH0L = 0 Þ A + B = 0;  y ' H0L = 1 Þ -A + 2 B = 1.  Solve  the  simulateneous

equations and find that B =
1

3
, A = -

1

3
. Thus yHxL =

-1

3
e-x +

1

3
e2 x.

9. 

yHxL = A cosI a xM + B sinI a xM.

10. 

(i)  Substitute  yHxL = ez x.  Find  Iz2 - 4 z + 5M ez x = 0.  Conclude  z =
4± 16-20

2
= 2 ± 2 i.  Thus

yHxL = A eH2-2 iL x + B eH2+2 iL x = e2 xHC cosH2 xL + D isnH2 xLL.

(ii)  Substitute  yHxL = ez x.  Find  Iz2 + 2 z + 1M ez x = 0.  Conclude  z = -1.  Special  case  (two equal  roots,

critical damping): yHxL = HA + B xL e-x.

(iii)  Substitute  yHxL = ez x.  Find  Iz2 - aM ez x = 0.  Conclude  z = ± a H Î RL.  Thus

yHxL = A e- a x + B e a x.

11. 

PlotAx sinHxL � I1 + x2M, 8x, -20, 20<, AxesLabel ® 8x, f HxL<E
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12. 

Ún=0
¥ H2 aLn =

1

1-2 a
 (geometric series). This converges is 2 a < 1, or a <

1

2
.

13. 
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13. 

(i) 

f HxL H2 + xL1�2 f H0L 2

f H1LHxL 1

2
H2 + xL-1�2 f H1LH0L 1

2 2
=

2

4

f H2LHxL -1

4
H2 + xL-3�2 f H0L -

1

4×2-3�2 =
- 2

16

f HxL = 2 +
2

4
x -

2

32
x2 + OIx3M

(ii) 

sinHxL � x = Ún=0
¥ H-1Ln x2 n+1

H2 n+1L!

1

x
= Ún=0

¥ H-1Ln x2 n

H2 n+1L!
= 1 +

x2

6
+ OIx4M

14. 

(i) e4+x2
= e4 ex2

= e4 Úm=0
¥ Ix2Mm

m!
= Úm=0

¥ e4 x2 m

m!

(ii) 1

1+x6
= Ún=0

¥ I-x6Mn
= Ún=0

¥ H-1Ln x6 n

15. 

100 - a = 10 1 - a �100 = 10 Ún=0
¥ J a

100
N
n

= 10 J1 +
a

100
+

a2

10 000
N.  Neglected  term:  a3

106
is  less  than

10-3; accuracy is thus of the order 10-2, i.e., two decimal places.

16. 

sinIa x2M = a x2 + OIx4M; x2

sinIa x2M
=

x2

a x2+OIx4M
=

1

a+OIx2M
. Thus limx®0

x2

sinIa x2M
=

1

a
.

17. 

¶

¶ x
sinIx + x2 y3M = cosIx + x2 y3M ¶

¶ x
Ix + x2 y3M = cosIx + x2 y3M I1 + 2 x y3M

¶

¶ y
IcosIx + x2 y3M I1 + 2 x y3MM =

-sinIx + x2 y3M ¶

¶ y
Ix + x2 y3M I1 + 2 x y3M + cosIx + x2 y3M ¶

¶ y
I1 + 2 x y3M =

-sinIx + x2 y3M x2 3 y2I1 + 2 x y3M + cosIx + x2 y3M 6 x y2

18. 

(i)
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ContourPlotAIx4 + y4M, 8x, -2, 2<, 8y, -2, 2<, Axes -> True,

AxesLabel -> 8x, y<, ContourShading -> False, PlotPoints ® 100E

grad Ix4 + y4M = I4 x3, 4 y3M. This is zero when x = 0 ì y = 0. This is obviously a minimum.

(ii)
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ContourPlotAIx4 - y4M, 8x, -2, 2<, 8y, -2, 2<, Axes -> True,

AxesLabel -> 8x, y<, ContourShading -> False, PlotPoints ® 100E

grad Ix4 - y4M = I4 x3, -4 y3M. This is zero when x = 0 ì y = 0. This is obviously a saddlepoint.

19. 

(i) detHBL = 1 ×0 - c ×c = -c2; detHCL = z ×z* - 1 ×1 = z 2 -1.

(ii) BC =
1 c

c 0

z 1

1 z* =
1 ×z + c ×1 1 ×1 + c ×z*

c ×z + 0 ×1 c ×1 + 0 ×z* =
z + c 1 + c z*

c z c

(iii) C-1 =
1

z 2-1

z* -1

-1 z
 (check C C-1 = I!)

(iv) 

detHB - Λ IL = 0 Þ
1 - Λ c

c -Λ
= -ΛH1 - ΛL - c2 = Λ2 - Λ - c2 = 0.

 Thus Λ =
1± 1+4 c2

2
.

detHC - Λ IL =

0 Þ
z* - Λ 1

1 z - Λ
= Hz* - ΛL Hz - ΛL - 1 = Λ2 - ΛHz + z*L + z 2 -1 = Λ2 - 2 ReHzL Λ + z 2 -1 = 0

.

 Thus Λ = ReHzL ± ReHzL2 - z 2 +1 = ReHzL ± 1 - ImHzL2 .
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(iv) 

detHB - Λ IL = 0 Þ
1 - Λ c

c -Λ
= -ΛH1 - ΛL - c2 = Λ2 - Λ - c2 = 0.

 Thus Λ =
1± 1+4 c2

2
.

detHC - Λ IL =

0 Þ
z* - Λ 1

1 z - Λ
= Hz* - ΛL Hz - ΛL - 1 = Λ2 - ΛHz + z*L + z 2 -1 = Λ2 - 2 ReHzL Λ + z 2 -1 = 0

.

 Thus Λ = ReHzL ± ReHzL2 - z 2 +1 = ReHzL ± 1 - ImHzL2 .
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