
Solutions to Sheet 6
1. PVT surface

Plot3

plines = TableAParametricPlot3DA9V,
p

V
, p=, 8V, 0.001`, 2<, DisplayFunction

surf = Plot3D@V T, 8V, 0, 2<, 8T, 0, 2<, AxesLabel ® 8V, T, p<, Mesh
Show@GraphicsGrid@88Show@8surf, plines<, PlotRange ® 880, 2<, 8 D

2. Homogeneous DE

(i) Substitute ez x, find z2 + 1 = 0, i.e., z = ±i. Conclude that yHxL = C1 ei x + C2 e-i x. Alternatively (easier for this special case) yHxL = A sinHxL + B cosHxL. yH0L = 0 implies B cosH0L = B = 0, y ' H0L = 1 implies A cosH0L = A = 1. Thus yHxL = sinHxL.

(ii)  Substitute ez x, find z2 + z + 1 = 0, i.e., z1,2 = -1± 1-4

2
= -1

2
± i 3

2
. Conclude that yHxL = C1 ez1 x + C2 ez2 x. 

yH0L = 0 = C1 + C2 Þ C1 = -C2. 

y ' H0L = C1 z1 + C2 z2 = C1Hz1 - z2L = C1 i 3 = 1 Þ C1 = -i 3

3
.

yHxL = -i 3

3
e-x�2KexpKi 3

2
xO - expK-i 3

2
xOO = -2 3

3
e-x�2 sinK 3

2
xO.
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(ii)  Substitute ez x, find z2 + z + 1 = 0, i.e., z1,2 = -1± 1-4

2
= -1

2
± i 3

2
. Conclude that yHxL = C1 ez1 x + C2 ez2 x. 

yH0L = 0 = C1 + C2 Þ C1 = -C2. 

y ' H0L = C1 z1 + C2 z2 = C1Hz1 - z2L = C1 i 3 = 1 Þ C1 = -i 3

3
.

yHxL = -i 3

3
e-x�2KexpKi 3

2
xO - expK-i 3

2
xOO = -2 3

3
e-x�2 sinK 3

2
xO.

(iii)Substitute ez x, find z2 + 2 z + 1 = 0, i.e., z1,2 = -1. Conclude that (special case) yHxL = HC1 + C2 xL e- x. 

yH0L = 0 = C1 Þ C1 = 0.
 y ' H0L = -C1 + C2 = C1 = 1 Þ C1 = 1.
 yHxL = x e-x.

(iv)  Substitute ez x, find z2 + 3 z + 1 = 0, i.e., z1,2 = -3± 9-4

2
= -3

2
± 5

2
. Conclude that yHxL = C1 ez1 x + C2 ez2 x. 

yH0L = 0 = C1 + C2 Þ C1 = -C2. 

y ' H0L = C1 z1 + C2 z2 = C1Hz1 - z2L = C1 5 = 1 Þ C1 = 5

5
.

yHxL = 5

3
e-3 x�2KexpK 5

2
xO - expK- 5

2
xOO = 2 3

3
e-x�2 sinhK 5

2
xO.

3. 

(i) Substitute ez x, find z2 + 5 z + 4 = 0, i.e., z1,2 = -5± 25-16

2
= -5

2
± 3

2
= -4, -1. Conclude that yHxL = C1 e- x + C2 e-4 x. 

(ii)Substitute C ez x, find CIz2 + 5 z + 4M ez x = e2 x . Conclude z = 2, C = 1

18
.

(iii) General solution is yHxL = 1

18
e2 x + C1 e- x + C2 e-4 x. Use yH0L = 1

18
+ C1 + C2 = 0 and y ' H0L = 1

9
- C1 - 4 C2 = 0 to show that C1 = -1

9
, C2 = 1

18

yHxL = ã-4 x

18
- ã-x

9
+ ã2 x

18

4.

(i)
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Plot3D@x, 8x, -2, 2<, 8y, -2, 2<D

(ii)
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Plot3D@y, 8x, -2, 2<, 8y, -2, 2<D

(iii)
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Plot3D@x y, 8x, -2, 2<, 8y, -2, 2<D

5. 

(i) -2 x e
-Jx2+y2N

(ii) 3 x2 y2 cosIx + x2 y3M

(iii) ¶

¶x
3 x y2 = 3 y2

(iv) ¶

¶y
I2 x + y3M = 3 y2

6. 

(i) Use a = 1, b = 2, c = 3:

SimplifyAH1 cosHΦL sinHΨLL2 � 1 + H2 sinHΦL sinHΨLL2 � 22 + H3 cosHΨLL2 � 32E

1

Sheet6_sol.nb 5



ParametricPlot3D@8Cos@ΦD Sin@ΨD, 2 Sin@ΦD Sin@ΨD, 3 Cos@ΨD<, 8Φ, D

(ii) Use a = 1, b = 1, c = 1:

SimplifyAHa cosHΦL coshHΨLL2 � a2 + Hb sinHΦL coshHΨLL2 � b2 - Hc sinhHΨLL2 � c2E

1
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ParametricPlot3D@8Cos@ΦD Cosh@ΨD, Sin@ΦD Cosh@ΨD, 1 Sinh@ΨD<, 8 D

(ii) Use a = 1, b = 1, c = 1:

SimplifyAHa cosHΦL sinhHΨLL2 � a2 + Hb sinHΦL sinhHΨLL2 � b2 - Hc coshHΨLL2 � c2E

-1
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ParametricPlot3D@88Cos@ΦD Sinh@ΨD, Sin@ΦD Sinh@ΨD, 1 Cosh@ΨD<, D

(ii) Use a = 1, b = 1, c = 1:

SimplifyAHa cosHΦL ΨL2 � a2 + Hb sinHΦL ΨL2 � b2 - Hc ΨL2 � c2E

0
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ParametricPlot3D@8Cos@ΦD Ψ, Sin@ΦD Ψ, 1 Ψ<, 8Φ, 0, 2 Π<, 8Ψ, -4, 4 D

(ii) Use a = 1, b = 1.1:

SimplifyAHa cosHΦL ΨL2 � a2 + Hb sinHΦL ΨL2 � b2 - Ψ2E

0

Sheet6_sol.nb 9



ParametricPlot3DA9Cos@ΦD Ψ, 1.1` Sin@ΦD Ψ, Ψ2=, 8Φ, 0, 2 Π<, 8Ψ, 0 E
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ParametricPlot3DA9x, y, x2 +
y2

1.1`2
=, 8x, -2, 2<, 8y, -2, 2<, PlotRange E

(ii) Use a = 1, b = 1.1:

SimplifyAHa coshHΦL ΨL2 � a2 - Hb sinhHΦL ΨL2 � b2 - Ψ2E

0
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ParametricPlot3DA9x, y, x2 -
y2

1.1`2
=, 8x, -2, 2<, 8y, -2, 2<, PlotRange E
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