
Solutions to Sheet 11
Notations: Det for det, . for matrix/matrix product, Inverse[] for power -1.

1. 

(i) 

A = K2 1
3 -1

O; B = K1 c
c 0

O; Cc = K z 1
1 z* O; Px = K1 0

0 0
O; Py = K0 0

0 1
O;

Σx = K0 1
1 0

O; Σy = K0 -ä
ä 0

O; RHΘ_L = KcosHΘL -sinHΘL
sinHΘL cosHΘL

O;

DetHAL

-5

Inverse@AD
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Det@BD

-c2

Inverse@BD

0
1

c

1

c
-

1

c2

Det@CcD

z z* - 1

Inverse@CcD

z*

z z*-1
-

1

z z*-1

-
1

z z*-1

z

z z*-1

Det@PxD

0
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DetAPyE

0

Det@ΣxD

-1

Inverse@ΣxD

0 1

1 0

DetAΣyE

-1

InverseAΣyE

0 -ä

ä 0

Simplify@Det@RHΘLDD

1

Simplify@Inverse@RHΘLDD

cosHΘL sinHΘL
-sinHΘL cosHΘL

So R(- Θ) !

2. Math practice

(i)

A.B

c + 2 2 c

3 - c 3 c

B.A

3 c + 2 1 - c

2 c c
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A.B - B.A

-2 c 3 c - 1

3 - 3 c 2 c

(ii) 

Σx.Σy

ä 0

0 -ä

Σy.Σx

-ä 0

0 ä

Σx.Σy - Σy.Σx

2 ä 0

0 -2 ä

3. 

(i)  Rather trivial, the second rotation rotates the initial unit vectors by another angle Θ1. So the result

is a rotation over Θ = Θ1 + Θ2. In this addition order doesn't  matter.

(ii)

Simplify@RHΘ1L.RHΘ2LD

cosHΘ1 + Θ2L -sinHΘ1 + Θ2L
sinHΘ1 + Θ2L cosHΘ1 + Θ2L

4. Reflections

SHΘ_L = KcosHΘL sinHΘL
sinHΘL -cosHΘL

O;

Simplify@SHΘ1L.SHΘ2LD

cosHΘ1 - Θ2L -sinHΘ1 - Θ2L
sinHΘ1 - Θ2L cosHΘ1 - Θ2L

This is a rotation over an angle Θ1 - Θ2.
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5. 

SHΠ �2L.RHΘL.SHΠ �2L

cosHΘL sinHΘL
-sinHΘL cosHΘL

So you'll  have to show graphically that this is a rotation over - Θ!

6. 

An = Λn I  if  n  is  even,  Λn Σz  if  n  is  odd.  Thus

expHΛ ΣzL =
Ún=0

¥ Λn �n ! 0

0 Ún=0
¥ H-ΛLn �n !

=
expHΛL 0

0 expH-ΛL .

7. Rotations

Eigenvalues@AD

:
1

2
K1 - 21 O,

1

2
K1 + 21 O>

Print@First@Eigenvectors@ADD, ",", Last@Eigenvectors@ADDD

:
1

6
K3 - 21 O, 1>,:

1

6
K3 + 21 O, 1>

Eigenvalues@BD

:
1

2
1 - 4 c2 + 1 ,

1

2
4 c2 + 1 + 1 >

Print@First@Eigenvectors@BDD, ",", Last@Eigenvectors@BDDD

:-
4 c2 + 1 - 1

2 c
, 1>,:-

- 4 c2 + 1 - 1

2 c
, 1>

Eigenvalues@CcD

:
1

2
z + z* - z2 - 2 z* z + Hz*L2 + 4 ,

1

2
z + z* + z2 - 2 z* z + Hz*L2 + 4 >

Can be rewritten as ReHzL ± ImHzL2 + 1
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Print@First@Eigenvectors@CcDD, ",", Last@Eigenvectors@CcDDD

:
1

2
z - z* - z2 - 2 z* z + Hz*L2 + 4 , 1>,:

1

2
z - z* + z2 - 2 z* z + Hz*L2 + 4 , 1>

Eigenvalues@PxD

80, 1<

Print@First@Eigenvectors@PxDD, ",", Last@Eigenvectors@PxDDD

80, 1<,81, 0<

EigenvaluesAPyE

80, 1<

PrintAFirstAEigenvectorsAPyEE, ",", LastAEigenvectorsAPyEEE

81, 0<,80, 1<

Eigenvalues@ΣxD

8-1, 1<

Print@First@Eigenvectors@ΣxDD, ",", Last@Eigenvectors@ΣxDDD

8-1, 1<,81, 1<

EigenvaluesAΣyE

8-1, 1<

PrintAFirstAEigenvectorsAΣyEE, ",", LastAEigenvectorsAΣyEEE

8ä, 1<,8-ä, 1<

Eigenvalues@RHΘLD

8cosHΘL - ä sinHΘL, cosHΘL + ä sinHΘL<

Print@First@Eigenvectors@RHΘLDD, ",", Last@Eigenvectors@RHΘLDDD

8-ä, 1<,8ä, 1<
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Eigenvalues@SHΘLD

8-1, 1<

Print@First@Eigenvectors@SHΘLDD, ",", Last@Eigenvectors@SHΘLDDD

8HcosHΘL - 1L cscHΘL, 1<,8HcosHΘL + 1L cscHΘL, 1<

Can  be  rewritten  as  sinHΘL HcosHΘL ± 1, sinHΘLL.  This  vectors  can  be  simplified  to

2 cosHΘ �2L HcosHΘ �2L, sinHΘ �2LL  and  2 sinHΘ �2L H-sinHΘ �2L, cosHΘ �2LL.  The  most  elegant  form (also  the
unit-length  form) is  thus (cos(Θ/2),sin(Θ/2))  and  (-sin( Θ/2),cos(Θ/2)).  Check which eigenvalue these
correspond to....
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