
Solutions to Sheet 4
1. Ball on track, friction

(i) Newtons law, F = m a turns into m v
  = -Γ vor m x

Ð = -Γ x
  .

(ii) Solution of v  =
-Γ

m
v is x  = v = A expJ - Γ

m
tN, and thus x = x0 + B expJ - Γ

m
tN, where B =

-m

Γ
A. Using

v0 = A,

x = x0 -
m

Γ
v0 expJ - Γ

m
tN.

2. Ball on track, external force

(i) m x
Ð = -c, linear

(ii)  m x
Ð = -k x, linear

(iii)  m x
Ð = -V0 cosH xL, nonlinear

(ii)  m x
Ð = -n Α xn-1, linear for n=0, n=1 and n=2

3. Alice

(i) m z
Ð = -m g - Γ z

  .

(ii) Inhomogeneous, but linear and first order, w  = -g -
Γ

m
w.

Use integrating factor, d

dt
JexpJ Γ

m
tN wN = -g expJ Γ

m
tN,

w = ã
-

t Γ

m A -
g m

Γ
. Use initial conditions, wH0L = 0 = A - g

m

Γ
. Integrate one more time,

z = -g
m2

Γ2
K ã

-
t Γ

m - 1O -
g m

Γ
t

PlotB-g
m2

Γ2
K ã

-
t Γ

m - 1O -
g m

Γ
t �. 8g ® 10, m ® 1, Γ ® 1<, 8t, 0, 2<, AxesLabel ® 8t, z<F
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(iii) As t ® ¥ we have w = -g
m

Γ
, which corresponds to a balance of forces.
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4.

(i)  HeΑ xL ' = Α eΑ x:  IΑ2 - Α - 2M eΑ x = 0  or  Α =
1± 1+8

2
= -1, 2.  Thus  yHxL = e-x  and  yHxL = e2 x  are

both solutions.
(ii) differentiales once:

y ' = -c1 e-x + 2 c2 e2 x, and twice

y '' = c1 e-x + 4 c2 e2 x. Add together:
y '' HxL - y ' HxL - 2 yHxL = c1H1 - H-1L - 2L e-x + c2H4 - 2 - 2L e2 x = 0

(iii) yH0L = c1 + c2 = 0, y ' H0L = -c1 + 2 c2 = 1 Þ c1 = -1 �3, c2 = 1 �3 :

yHxL =
1

3
I-e-x + e2 xM.

5. 

(i) Iei xM '' = -ei x, Ie-i xM '' = -e-i x.

(ii) sinHxL '' = -sinHxL, cosHxL '' = -cosHxL.

(iii) v1HxL =
1

2 i
Hy1 - y2L, v2HxL =

1

2
Hy1 + y2L.

(iv) yH0L = c2 = 1, y ' H0L = c1 = 0: yHxL = sinHxL.

6. 

(i) He xL '' = e x, He- xL '' = -e-x.

(ii) sinhHxL '' = sinhHxL, coshHxL '' = coshHxL.

(iii) v1HxL =
1

2
Hy1 - y2L, v2HxL =

1

2
Hy1 + y2L.

(iv) yH0L = c2 = 0, y ' H0L = c1 = 1: yHxL = coshHxL.

7. 

(i) He Α xL ' = Α e Α x, He Α xL '' = Α2 e Α xÞ IΑ2 - 4 Α + 5M eΑ x = 0, Α = 2 ± i

(ii) yHxL = c1 eH2+iL x + c2 eH2-iL x = e2 xIc1 ei x + c2 e-i xM =

e2 xHc1HcosHxL + i sinHxLL + c2HcosHxL - i sinHxLLL = e2 xHHc1 + c2L cosHxL + iHc1 - c2L sinHxLL
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