
Solutions to Sheet 2
1. Quantum wire

pHxL =
c

x+i

c

x-i
=

c2

x2+1
. This has a maximum at d

d x

1

x2+1
= -

2 x

Ix2+1M2
= 0, i.e. x=0. This can be seen from a

plot

PlotB
1

x2 + 1
, 8x, -2, 2<, AxesLabel ® 8x, pHxL<,

FormatType ® TraditionalForm, PlotRange ® 80, 1<F
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2. AC circuit

(i)  We  have  Y =
1

R
-

i

Ω L
.  Rewriting  this  in  modulus  and  argument,

Y =
1

R2
+

1

HΩ LL2
=

1

R Ω L
R2 + HΩ LL2 ,  and  argHYL = arctanHR � HΩ LLL.   Clearly,

I0 =
V0

R Ω L
R2 + HΩ LL2 .

(ii) 

Z = R -
i

Ω C
, I0 = V0 �Z =

V0HR + i � HΩ CLL

R2 + 1� HΩCL2
=

V0IR Ω 2 C2 + i Ω CM

R2 Ω2 C2 + 1
,

VC = I0 ZC = V0

IR Ω 2 C2 + i Ω CM

R2 Ω2 C2 + 1
-

i

Ω C
=

V0H-i R Ω C + 1L

R2 Ω2 C2 + 1
,

VC = V0

R2 Ω2 C2 + 1

R2 Ω2 C2 + 1
= V0

1

R2 Ω2 C2 + 1

Since Ω has the dimensions 1/time, R C  has the deimensions of time, and thus the typical time scale

of such a circuit is Τ = R C.

Sheet2_sol.nb 1



Since Ω has the dimensions 1/time, R C  has the deimensions of time, and thus the typical time scale

of such a circuit is Τ = R C.

3. practice 1

(i)  z = x + i y,  z* = x - i y,  so  z + z* = 2 x,  z - z* = 2 i y.  From  ReHzL = x,  ImHzL = y  we  obtain

ReHzL =
1

2
Hz + z*L, ImHzL =

1

2 i
Hz - z*L.

(ii) Use ei Θ = cosHΘL + i sinHΘL, and (i): 

cosHΘL = ReIei ΘM =
1

2
Iei Θ + e-i ΘM, sinHΘL = ImIei ΘM =

1

2 i
Iei Θ - e-i ΘM.

(iii)

Plot@Log@xD, 8x, 0.1, 10<, AxesLabel ® 8x, lnHxL<, FormatType ® TraditionalFormD

2 4 6 8 10
x

-2
-1

1
2

logHxL

� Graphics �

PlotAExpA-x2E, 8x, -4, 4<, AxesLabel ® 9x, expI-x2M=, FormatType ® TraditionalFormE
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PlotB
1

1 + x4
, 8x, -4, 4<, AxesLabel ® :x,

1

1 + x4
>, FormatType ® TraditionalFormF
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(iv) 1

z
=

z*

z 2
, 1

z* =
z

z 2
= J z*

z 2
N

*
.

4. polar representation

(i) i = eiΠ�2, i = ei Π�4

(ii) H1 + iL = 2 ei Π�4, H1 + iL = 21�4 ei Π�8

(iii) H1 + iL2 = 2 ei Π�2 H= 2 iL (used result (ii)above).

(iv) H1 + iL4 = 4 ei Π H= -4L

5. Inequalities

(i) for the same reason as for vectors: a complex number has two parts, and inequality really refers to
a single number.

(ii) This is the interior of a circle: x2 + Hy - 2L2 < 1

ContourPlotA x2 + Hy - 2L2 == 1, 8x, -1, 1<, AxesLabel -> 8ReHzL, ImHzL<,

PlotRange ® 88-3, 3<, 80, 4<<, FormatType ® TraditionalFormE
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6. Knowledge questions

(i) expHxL = Ún=0
¥ xn

n!

(ii) ReIe-i xM = cosH-xL = cosHxL,  ImIe-i xM = sinH-xL = -sinHxL

(iii) i, -1, 1

(iv) ReIe-Γ t+iΩ tM = e-Γt cosHΩ tL. Limiting value zero for Γ>0, undefined for Γ<0.

7. Math Problems

(i) z=5-i

Show@Graphics@8Arrow@80, 0<, 82, 1<D, Arrow@80, 0<, 83, -2<D, Hue@0D, Arrow@80, 0<, 85, -1<D<D,
Axes ® TrueD
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(ii) z1 = 5 , z2 = 13 . These are the length of the vectors.
(iii) draw a circle of the sum diameter, and show it is larger.

(iv) z = x2 + y2 expHargHy � xLL

(v) z = 2 ei Π

(vi)

Show@Graphics@8Disk@80, 0<, 2D, RGBColor@1, 1, 1D, Disk@80, 0<, 1D<D,
Frame ® True, AspectRatio ® 1D
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7. de Moivre's  theorem

(i) z = ei Θ = Hx + i yL. z3 = x3 - 3 x y2 + iI3 x2 y - y3M.

Conclude cosH3 ΘL = cos3HΘL - 3 cosHΘL sin2HΘL = 2 cos3HΘL - 3 cosHΘL,
sinH3 ΘL = 3 cos2HΘL sinHΘL - sin3HΘL = 3 sinHΘL - 4 sin4HΘL.
(ii) z4 = x4 - 6 x2 y2 + y4 + iI4 x3 y - y3 xM.
Conclude

 cosH4 ΘL = cos4HΘL - 6 cos2HΘL sin2HΘL + sin4HΘL = 8 cos4HΘL - 8 cos2HΘL + 1,
sinH4 ΘL = 4 cos3HΘL sinHΘL - 4 sin3HΘL cosHΘL.
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