Sheetl2_sol.nb

Solutions to Sheet 12

Notations: Det for det, . for matrix/matrix product, Inverse[] for power -1.
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1 1 x=i_ xi _ x .-l
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Needs [" Pl ot Legends™ "]

Plot[{ ,
x2+1 x2+1
PlotLegend > {"Re", " Im"}, Axeslabel - {x, y}

}, {x, =3, 3}, PlotStyle » {Dashing[{0.}], Dashing[{0.05}]},
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Show[Gr aphi cs[{GrayLevel [0.6 ], Disk[{0, 0}, 21},
Met hod » {" Axesl nFront" - True}, Axes -» True],

G aphi cs[{G ayLevel [1." ], Disk[{O, O}, 11},

Met hod - {" Axesl nFront" - True}, Axes -» True],

Aspect Rati o - 1, AxesLabel - {Re[z], Im[z]}]

Im(z)

4.
gerimt = er(coswt) +isin(wt)), Re(€ ') =e coswt)

5.

o X o (Chmx@m . o (=M x2mL
XpX) = o 5. COSX) = Tono o, SIN(X) = Tino o

6.

_ sinh(x) Voo CosPx-sinh?x 1
tanh(x) = OC’sh(x)=>tanh X = el
7.

y' (X) = eP*; By direct integration y(x) = % e’* +c.y(0)=1= % +c=0=c= '—pl: y(X) = % (eP* - 1)
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Substitute  y(x)=€*. Find (Z-z-2)e*=0. Conclude z= %z—l, 2.  Thus
yx)=Ae*+Be?X. y(0)=0=>A+B=0; y' (0)=1=>-A+2B=1. Solve the simulateneous

equations and find that B = % A= —%. Thus y(x) = %1 eX+ %ezx.

9.
Y(X) = Acos(\/g X) + Bsin(\/g X).

10.

(i) Subsitute y(x)=€* Find (Z-4z+5)e&*=0. Condude z="" "2 =2x2i. Thus

y(X) = AgZ2DX 4 B2 X = X(C cog(2 X) + D isn(2 x)).

(i) Substitute y(x) = e**. Find (22 +2z+ 1) e?*=0. Conclude z= -1. Specia case (two equa roots,
critical damping): y(x) = (A+ Bx)e™*.
(i) Substitte y(x)=€*. Find (Z-a)e&*=0. Conclude z==xVa (eR). Thus

Y(X) = AeVax,gelax

11.
Plot[xsin(x) /(1 + x?), {x, =20, 20}, AxesLabel - {x, f(x)}]
f (x)
_éo\l/lllv_ibllllz""ﬁlov""z'ox
0.1[
12.

o) = 1_—12a (geometric series). This convergesis |2a| <1, or ‘a| < %
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13,
(i)

fx)  (2+xY2 fo V2

My L -2 ot L V2

DX 32+%) 00 ==

A0 = @2+x7? 1(0) —i%:%g

f)=vV2 + 1= \/_ \/_ = %2+ 0(x)

(i)

SN /X = Y0 (-1)" (2xn+1)' == Mo(-1)" mxm)! =1+%+0(x)
14,

() e =etel =et 5o o = T O

(i) 7 = ZRo() = Zo(-1" "

15.

\/100—a=10\/1—a/100=10§}'ﬁ°:o(1) 10( 100 © 10000

1073; accuracy isthus of the order 1072, i.e., two decimal places.

16.

sin(ax?) = ax? + O(x); <X Thuslim < __1
- ’smﬂ_aﬁQﬂ_aq) 20 Gnax?) — a’

17.

;—Xsin(x+x2y3) cos(x+x2y3) —(x+x2y3) = cog(x + x* y¥) (L + 2xy°)
i(cos(x+x2y3)(l+2xy3))=

—sin(x + x2y3) (x+ X y?) (1+2xy®) + cos(x + x2y3) (1+2xy3)
—sin(x + x2y3)x23y (L+2xy3) + cog(x + X2 y3) 6 x y?

18.

) Neglected term:

ad .
—is less than
10
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ContourPlot[(x* + y*), {x, =2, 2}, {y, =2, 2}, Axes—> True,
AxesLabel —> {x, y}, Contour Shading —> False, PlotPoints - 100]
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grad (x* + y*) = (43, 4y3). Thisis zero when x=0 A y=0. Thisis obviously aminimum.

(i)
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ContourPlot[(x* - y*), {x, =2, 2}, {y, =2, 2}, Axes—> True,
AxesLabel —> {x, y}, Contour Shading —> False, PlotPoints - 100]

grad (x* - y*) = (43, —4y?). Thisis zerowhen x=0 A y = 0. Thisis obviously a saddlepoint.

19.

(i) det(B)=1-0—c-c=—c? det(C)=z-.z - 1-1= | z|* -1.

i) BC = 1cyz 1y (1z+cl 1-1+cz\ (z+cCc 1l+cZ

0 _(c 0)(1 z*)_(c-z+0-1 c-1+0-z*)_( cz c )
zr -1

ipct= (%) ) cheskcct=iy

(iv)

da@—anzo:‘

Thusa = BV1Hc ‘12+402.

c
_A‘:—)L(l—)o—czzﬂ—)t—cZ:o.
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det(C-2Al)=
zZ -2
1 z—A‘

ThusA =Re(2) + y Re” - | z]? +1 =Re(2) £\ 1-Im(2)® .

0:’ =(@Z-0)@Z-)-1=22-1z+2Z)+|z?-1=22-2Re( 1 +|z[*-1=0



