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Solutions to Sheet 5

1. LRC circuit, no external potential

(i) Rewrite the first two relations as I (t) = —Q(t) = —C U(t), and find U(t) = —L C .U(t) - RCU(t) =
Ut + % U + % U =0.

(if) Thisisalinear and homogeneous differential equation.

1

(i) R=0: U(t) + % U =0.1f Ut) =2, 2= % Snp=t

. Thus Uy o(t) = exp(i \Iﬁ— t).

(iv) Clearly, with w = % Upo =exp(xi wot) = cos(wp t) +i sin(w o t). Since the general solution is

a linear superposition of these two, we can have any combination of sines and cosines =
U(t)=Acos(wgt) + Bsin(wgt).

. . . R2 .
(v) Um=€#, —22+I§Z+£2>21'2=+I£i% —Ste- If R/L2<4/(LC) (ie,

R<2+L/C)thesquareroot isrea, and we have, with @ and w asonthe sheet, 1, =i @ + w.

(vi) Upo=exp(-at+iwt)
= exp(—at)exp(xiwt) =exp(—at) (coswt) +isin(wt))
In the same way as in 4, the real solution is thus a superposition of exp(- @ t)cos(w t) and
exp(—at)sin(wt),
U(t) = exp(—a't) (Acos(wt) + Bsin(wt)).

(vii) If R=0, @ = 0 and w = wq, so we trivialy find the requested result.

2. LRC circuit, sinusoidal potential

(i) Trivial differentiation, plus substitution of 1(t) = —Q(t).

(i) The equation (2) islinear and inhomogeneous.

(i) (-’ L+iQR+1/C)lo €2 =Q Vo, or

QVo
o= (-0?’L+iQR+1/C) )
Vo(—=OL +1/(QC) i R) Vo(—=OL +1/(QC) =i R)
(COL+1/QC)+I R(-OL+1/QC)—I R (-OL+1/(QC)2+ R
Vo(—QL+1/(Q C)-i R) Vo

(V) o= & =arg(lo) = atan( )

-QL+1/(Q2C)

o=
2 | 0
(-QL+1/(Q C))*+ R? /(—QL+1/(Q 024 R

(v) a) taking the complex conjugate of the auxiliary equation, we must show that

(I'(t))* = % ((t)"). Thisis straightforward one we realise that t is real, so that
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o lt+h -1y lt+h* =" d
(Iv) = hmhﬁo—)

= limno — = pm (1()").
b) Adding the equation and its complex conjugate we get the desired answer.

(vi)Trividly true! If R= 0, $=0, and the phase differenceis 90'.

3.

(i) take y(x) = exp(i zX): -2 =12, z= +V 12 : y(X) = Acos(\/f X) + Bsin(\/ﬁ X).

(i) take y(x) = exp(i zX): —Z2 +iz+12=0,z= —% i+ % V-1+48:

y(x):exp(% X) (Acos(V 47/4 x)+Bsin(V47/4 x)).

(i)

(i)

(i) g 3n/2

(i) 2e73

(iii) (2 d n/3)1/4 = VA g /12

(iv) One solution (2e~2' ’T/?’)l/4 =24 g7/6_ Other solutions differ by phaseby 27/4=1/2,
z=2l4 e—i 27/3 2l/A e—i /6 ol/4 el /3 ol/4 e| 57/6
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6.
(i) Subsitute: ~-9C€3*+4Ce3*x=2¢€3% C=-2/5.
(ii) General solution of the homegeneous equation y(x) = A €2X + Be'2*, Solution to inhomoge-
neous problem: y(x) = A €2+ Be 12X - ge”x. y(0)=0, y' (0)=0:
2 . 6
A+B-2=1i(2A-2B-¢)=0.

Solution: A=1, B= g

ZéSx

_d2 2 -2
y(x)=¢€ X+§e' X—5



