
Solutions to Sheet 8
1. Sums

(i) S1 = 2 Ún=1
50 n = 2 ´

1

2
50 ´ 51 = 2550

(ii) S2 = Ún=1
10 2n =

1-211

1-2
= 211 - 1 = 2047

(iii) 
4

2
=

4!

2!2
=

24

4
= 6

n

n
=

n!

n! 0!
= 1

n

0
=

n!

0! n!
= 1

(iv) For n = 1 Úk=1
1 2 k - 1 = 1 = 12 Ì

If Úk=1
n 2 k - 1 = n2, then Úk=1

n+1 2 k - 1 = Úk=1
n 2 k - 1 + 2 n + 1 = n2 + 2 n + 1 = Hn + 1L2. Ì

Thus we can now use the induction bootstrap to proof validity for all n.

2. More sums

(i) S1 = Ún=1
¥ 1

4n =
1

1-1�4 =
4

3
.

(ii) S2 = Ún=1
¥ I-

1

2
M
n

=
1

1-H-1�2L =
2

3
.

(iii) S3 = Ún=1
¥ Ha bLn =

1

1-a b
. If a b < 1.

3. Yet more sums

(i)  S1 = Úk=0
n ak - Úm=0

n+2 am = Úk=0
n ak - Úk=0

n+2 ak = -Úk=n+1
n+2 ak = -an+1 - an+2 .

(ii)  S2 = Úk=m
n ak - Úk=m+1

n+2 ak-1 = Úk=m
n ak - Úl=m

n+1 al = -an+1.

3. Math Problems

(i) f H0L = 1;

f ' HxL = 2 expH2 xL � f ' H0L = 2;

f '' HxL = 4 expH2 xL � f '' H0L = 4;

f HxL = Úk=0
¥ 2k

k!
xk

(ii) f H0L = 0;

f ' HxL = 4 cosH4 xL � f ' H0L = 4;

f '' HxL = -42 sinH4 xL � f '' H0L = 0 ;

f H3LHxL = -43 cosH4 xL � f H3LH0L = -43; f H4LHxL = 44 sinH4 xL � f H4LH0L = 0; 

f HxL = Úk=0
¥ 1

2 k+1!
H-4 xL2 k+1

(iii) f H0L = 1;

f ' HxL = -4 sinH4 xL � f ' H0L = 0;

f '' HxL = -42 cosH4 xL � f '' H0L = -42 ;

f H3LHxL = 43 sinH4 xL � f H3LH0L = 0; f H4LHxL = 44 cosH4 xL � f H4LH0L = 42; 

f HxL = Úk=0
¥ 1

2 k!
H-4 xL2 k
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(iii) f H0L = 1;

f ' HxL = -4 sinH4 xL � f ' H0L = 0;

f '' HxL = -42 cosH4 xL � f '' H0L = -42 ;

f H3LHxL = 43 sinH4 xL � f H3LH0L = 0; f H4LHxL = 44 cosH4 xL � f H4LH0L = 42; 

f HxL = Úk=0
¥ 1

2 k!
H-4 xL2 k

5. 

Clearly, for n = 1, H1 + xL1 = H1 + xL Ì.

If it is true for n, H1 + xLn+1 = H1 + xL H1 + xLn ³ H1 + xL H1 + n xL 

(provided that 1 + x ³ 0, x ³ -1) H1 + xL H1 + n xL = 1 + Hn + 1L x + n x2 ³ 1 + Hn + 1L x. 
This proves the induction step. Ì

6. 

(i) Up to you

(ii) First step: H1 - RL transmitted to the right, R refelected. Second step RH1 - RL of the initial inten-

sity transmitted to the left, R2 reflected. Third Step: H1 - RL R2 transmitted to right, R3 reflected. 

Conclusion: Transmitted to the right:

 TR = H1 - RL + H1 - RL R2 + H1 - RL R4 =
1-R

1-R2
=

1

1+R
.

Transmitted to the left:

TL = H1 - RL R + H1 - RL R3 + H1 - RL R5 = R
1-R

1-R2
=

R

1+R
.

These add up to 1 (i.e., all light escapes)

6. 

(i) Mass of nth Hn = 1, 2L block is 2 M �2n  (with M   the mass of the first block). The centre-of-mass

of that block is at I 1

2n , In -
1

2
M hM

 YN =
1

MN
Ún=1

N 2 M

2n In -
1

2
M h

XN =
1

MN
Ún=1

N 2 M

2n

1

2n

MN = Ún=1
N 2 M

2n

We find that

 MN = M
1-

1

2

N

J1-
1

2
N

= M 2 J1 - I 1

2
M
N

N.

Similarly,

 XN =
1

MN
Ún=1

N 2 M

2n

1

2n =
M

MN

1

2

1-
1

4

N

J1-
1

4
N

=
1

3

1-J
1

4
N
N

1-J
1

2
N
N

(ii) The limit for N ® ¥ is now easy: X¥ =
1

3
.

Note YN =
1

MN
2-N h M I-2 N + 3 ´ 2N - 3M, limN®¥ YN =

3

2
h.

Sheet8_sol.nb 2


