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Solutions to Sheet 4

1. Ball ontrack, friction

(i) Newtonslaw, F = maturnsinto mv=—yvor mX= —y X.

(ii) Solution of V= — v isX:v:Aexp(%t), and thus x = X + Bexp(%t), where B= ;—m A. Using
Vo= A,

X=X — gvoexp(%t).

2. Ball on track, external force

(i) mx = —c, linear

(i) mx=—kx, linear

(iif) mx = —Vy cos( x), nonlinear

(i) mX=—-nax"2, linear for n=0, n=1 and n=2

3. Alice

(Ymz=-mg —yz

(i) Inhomogeneous, but linear and first order, w=—g — %W.
Use integrating factor, % (exp(% t) W) =—g exp(% t),

w=e m A- % Useinitial conditions, w(0)=0=A-g ? Integrate one more time,

z:—gr:z—z(e_ﬁ —1)—?t
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(iii) Ast —» co wehavew = —g ? which corresponds to a balance of forces.

4.

(i) (&0 =ae™™ (az—a—Z)e‘”‘:O or a= 1i—‘2“8=—1, 2. Thus y(x) =e™* and y(x) = €* are

both solutions.
(i) differentiales once:

y' =—c1 €%+ 2¢, €%, and twice

y" =c1 e X+ 4c,e?*. Add together:

YT O-Y (0-2y) =c(1-(-1)-2)e*+c4-2-2)e2*=0
([ y0)=c1+¢c,=0,y' (0)=-C1+2Cc=1=>¢c;=-1/3,¢c,=1/3:

y(X) = % (—e*+e2X).

5.

(i) (€X)" =-€% (e)" =—ex,

(i) Sn(Xx)" = —-sin(x), cos(x)" = —co(X).

(i) Va0 = 2= (y1 = ¥2), V20 = 5 (1 + Y2).
(iv) Y0 =c2=1,y' (0) =y =0: y(X) = sin(x).

6.
) )" =eX, (X" =—eX
(ii) sinh(x)" = sinh(x), cosh(x)" = cosh(x).

(i) Vi) = 3 (V1 = ¥2), Va(0) = 5 (Y1 + ¥2).
(iv) Y(0)=c2=0, y' (0) =1 = 1: y(X) = cosh(X).

7.

(i) €)' =a e, ()" =a? e?*> (a?-4a +5)€"X=0,a =2+
(ii) y(x) = ¢ €2 0% 4 ¢, 20X = @X(c X+ cr e X) =
€2X(C1(CoS(X) + i SIN(X)) + Co(COS(X) — i SIN(X))) = E7X((Cy + C2) COS(X) + i(C1 — C2) SIN(X))



